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Abstract. We develop a theory of Malliavin calculus for Banach space val- 
ued random variables. Using radonifying operators instead of symmetric ten- 
sor products we extend the Wiener-Ito isometry to Banach spaces. In the 
white noise case we obtain two sided L^-estimates for multiple stochastic inte- 
grals in arbitrary Banach spaces. It is shown that the Malliavin derivative is 
bounded on vector-valued Wiener-Ito chaoses. Our main tools are decoupling 
inequalities for vector-valued random variables. In the opposite direction we 
use Meyer's inequalities to give a new proof of a decoupling result for Gaussian 
chaoses in UMD Banach spaces. 



1. Introduction 

The theory of Malhavin calculus [9l El] has been developed in the seventies by 
Malliavin |15j . who used it to give a probabilistic proof of Hormander's "sums of 
squares" -theorem. The Malliavin calculus generalises in a natural way to Hilbert 
space valued random variables. We refer to [1] for a recent account of this infinite 
dimensional setting with applications to stochastic (partial) differential equations. 

In recent years many Hilbert space results in stochastic (and harmonic) analysis 
have been transferred to a Banach space setting [H \W\ . Of particular relevance for 
this work is the theory of stochastic integration in Banach spaces developed by van 
Neerven, Veraar and Weis [HJ [S^ . Motivated by these developments we construct 
in this paper a theory of Malliavin calculus for random variables taking values in a 
Banach space. 

Vector- valued Malliavin calculus has been consider by several authors [I6 1 IT7 1 I29]. 
The main focus in this work is on the interplay between Malliavin calculus and 
decoupling inequalities. On the one hand, decoupling inequalities are our main 
tools in the proof of Theorems 13.21 and [5~51 In the opposite direction, we apply 
the theory developed in this paper to give a new proof of a known decoupling result 
in Theorem 16. Ill 

In a follow-up paper with van Neerven [T^ the vector- valued Malliavin calculus is 
used to construct a Skorokhod integral in UMD spaces which extends the stochastic 
integral from (22] . This is used to obtain a Clark-Ocone representation formula in 
UMD spaces. 

It has been proved by Pisier [27] that the fundamental Meyer inequalities remain 
valid if the Banach space is a UMD space, provided that the norm of the derivative 
is taken in the appropriate space. These spaces turn out to be spaces of so-called 
7-radonifying operators, which have been used to transfer classical Hilbert space 
results to a more general Banach space setting in various recent works. 
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Firstly, in the work of Kalton and Weis on i7°°-fimctional calculus [TT] 7- 
radonifying operators appear as generalisations of classical square functions from 
harmonic analysis. Secondly, 7-radonifying operators are used in [211 123 to obtain 
two-sided estimates for moments of vector-valued stochastic integrals, and provide 
a generalisation of the classical Ito-isometry. 

Let us describe some of the main results in this paper. For details we refer 
to later sections. Let (r2,jr, P) be a probability space, let H he a, Hilbert space, 
and let E he a Banach space. We consider an isometry W : H ^ L^{il) onto 
a closed subspace consisting of Gaussian random variables, and assume that J- is 
the tr-field generated by {W{h) : h E H}. The classical Wiener-Ito decomposition 
says that L'^{n, !F,P) admits an orthogonal decomposition into Gaussian chaoses 
L'^{il, J-,P) = ©,„>oHm- Moreover, there exist canonical isometrics $,„ from the 
symmetric Hilbert space tensor powers H®"^ onto Tim- 

We show in Theorem 13 . 2 1 that this result admits a natural Banach space valued 
generalisation. For this purpose we consider the space of symmetric 7-radonifying 
operators ^®"^{H,E) (cf. Section [3]), which turns out to be the natural vector- 
valued analogue of the symmetric Hilbert space tensor powers. We prove that 
extends to an i^-isomorphism between 7®™ (iJ, E) and the vector- valued Gaussian 
chaos Hm{E) for 1 < p < 00, 

mm(^I)T\\LPin;E) ^ra.p \\T\\^®^(H,E). T € ^®"' {H , E) . 

In Section 2] we consider the particular case where H = (M, fi) for some a- 
finite measure space {M,fj,). Theorem 14.21 shows that the Wiener-Ito isomorphism 
between 7®™(L^(M, /i), E) and TLm{E) is given by a multiple stochastic integral 
for Banach space valued functions. This result gives two-sided bounds for L^'-norms 
of multiple stochastic integrals, for 1 < p < 00, 

\\IraF\\Lnn;E) ~m,p \\F\\-,®^ (LHM) ,E) . F £ -f®"' {L^ (M , fl) , E) , 

thereby generalising the (single) Banach space valued stochastic integral of [23] . 

The proofs of both results rely on (different) decoupling inequalities. The idea 
to use decoupling in the study of multiple stochastic integrals is not new. In fact, 
applications to multiple stochastic integration appear already in the pioneering 
work on decoupling by McConnell and Taqqu [HI [19], Kwapieh [12] and others. 
The decoupling results that we will use, as well as a some preliminaries on 7- 
radonifying operators, can be found in Section [21 

In Section [5] we consider the Banach space valued Malliavin derivative D, which 
for 1 < p < 00 acts as a closed operator 

D : ]D)^'P{E) C U\n;E) -> U\n--f{H,E)). 

The main result in this section (Theorem 15. 3p asserts that the restriction of the 
Malliavin derivative to each chaos is an L^-isomorphism for 1 < p < 00, 

l|-Di^||LP(n;7(ff,_B)) ~p,m ||^|!LP(n;_B)i F £ Hm{E) , 

a fact which is by no means obvious for general Banach spaces. The use of de- 
coupling in this context appears to be new. In UMD spaces this result is an easy 
consequence of Meyer's inequalities. 

These inequalities are considered in more detail in Section [S] We discuss several 
of its consequences and obtain a version of Meyer's multiplier theorem in UMD 
spaces. We return to decoupling in Theorem 16.111 where we give a new proof of 
a known decoupling result for Gaussian chaoses in UMD spaces based on Meyer's 
inequalities. 



MALLIAVIN CALCULUS AND DECOUPLING INEQUALITIES 



3 



Acknowledgment - Part of this work was done during a half-year stay of the 
author at the University of New South Wales in Sydney. He thanks Ben Goldys for 
his kind hospitality. 

2. Preliminaries 

2.1. Decoupling. Decoupling inequalities go back to the work of McConnell and 
Taqqu [El [19], Kwapieii [12], Arcones and Gine [l], and de la Pefia and Montgomery- 
Smith [B] among others. We refer to the monographs [131 [S] for extensive informa- 
tion on this topic. 

First we introduce some notation which will be used throughout the paper. For 
j > 1 and a finite sequence i = (ii, . . . , in) with values in {1, 2, . . .} we set 

n 

j{i) = #{ik--l<k<n,ik^ j}, |i| = |i|oo := max i^, i! = TT 

l<k<n 
- - k=l 

Let (7n)n>i be a Gaussian sequence, i.e. a sequence of independent standard 
Gaussian random variables on a (sufficiently rich) probability space (f2,JF, P), and 
let (7i'^'*)n>i be independent copies for each fc > 1. The Hermite polynomials Hm 
satisfy Ho{x) — 1, Hi{x) = x and the recurrence relation 

(to + l)Hjn+l{x) = xHm{x) - Hm-l{x), TO > 1. 

We set 

Vl/,= (i!)V2]^H^.(.)(^^.). 

i>i 

The next theorem states two well-known decoupling results which were obtained 
in [m [121 [I] . A general result containing both parts of the next theorem is due to 
Gine |5l Theorem 4.2.7]. 

We use the Vinogradov notation ^ to denote estimates with universal con- 
stants. If the constants depend on additional parameters, we include them as 
subscripts. 

Theorem 2.1. Let E he a Banach space, let m,n> 1, and suppose that we are in 
one of the following two situations: 

(1) (symmetric case) Let {xi)\i\^rn C E satisfy Xi — Xi' whenever i' is a per- 
mutation of i, and set 

F:^ {il/m\y/HiXi. 

(2) (tetrahedral case) Let (xi)|i|^m C E satisfy Xi = whenever > 1 for 
some J > 1, and set 

F Y In- ■■■■ li^Xi. 

|i| ^m, l^l 

In both cases we put 

i| — m, |i I ^<^n 

Then there exists a constant Cm > 1 depending only on to, such that for all t > 
we have 

-^P(||F|U > Cmt) < ¥{\\F\\e >t)< Cmn\\F\\E > 

Consequently, for 1 < p < oo we have 

\\F\\LP{n-E) ~p,m ||-F'|lLJ'(n;_E)- 
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Remark 2.2. The requirement that |i|oo < n is chosen for convenience, to ensure 
that we are deahng with finite sums exclusively. Note however that the constants 
in all of our estimates do not depend on n. 

2.2. Spaces of 7-radonifying operators. In this section we will review some 
well-known results about 7-radonifying operators. For more information we refer 
to [21 [TU]. Let if be a real separable Hilbert space with orthonormal basis , 
and let £^ be a real Banach space. Let (7„)„>i be a Gaussian sequence. 

An operator T G C{H,E) is said to be 7-radonifying if the sum X^^^i 7"^"" 
converges in L^(f2; E). The convergence and the L^-norm of this sum do not depend 
on the choice of the orthonormal basis and the Gaussian sequence. The space 
'y{H,E) consisting of all 7-radonifying operators in C{H,E) is a Banach space 
endowed with the norm 



/ II °° 2 \ 

V "„=1 ^/ 



1/2 



Obviously all rank-1 operators 

h®x:h'i^ [h' , h] ■ x, h,h' £ H,x £ E, 

are contained in 7(i?, E) and one easily sees that they span a dense subspace of 
jiH,E). 

An important role in this work will be played by spaces of the form 7™ {H, E) , 
which we define inductively by 

j\H,E):=^{H,E), 7'"+i(i/,i?) :=7(iJ,7™(i7,ii;)), m>l. 

To improve readability we will write T{h,h') instead of (Th){h') if T g -f'^{H,E). 
Furthermore we will write (h^h')^x to denote the operator /i(g)(/i'(g)x) S 7^(-ff, E). 
Similar remarks apply when m > 2. For future use we record that for operators of 
the form 

(2.1) T== ^ (u,, (g) • • • (g)Wj^) (gjXi, XiGE, 

\i\—m.\i \ 3c 

the norm in 7™(iJ, E) is given by 



(1) (m) 
" ■ . • 7,- Xi 



(2.2) l|T|l^,„(^,^)=E J2 

2| — m,|i I :^<n 

where we use the multi- index notation from Section [2. II 

If if is a Hilbert space then 'y™{H,K) is canonically isometric to the Hilbert 
space tensor product H®"^®K. It has been shown in [lOj (see also [H]) that 
^"^{H,E) is isomorphic to ^{H^"^,E) for all m > 1 if and only if the Banach 
space E has Pisier's property (a) [25]. 

It is well known (see [THl Section 5]) that the pairing 

[T, S]^ tr {T*S), T £ j{H, E), S £ j{H, E*), 

defines a duality between 7(ii, E) and 'y{H, E*), which allows us to identify 7(ii, E*) 
with a weak*-dense subspace of the dual space ^{H,E)*. It has been proved by 
Pisier ^28j that the Banach spaces ^{H,E)* and ^{H,E*) are isomorphic if E is 
if-convex. The notion of if-convexity and its relevance for vector-valued Malliavin 
calculus will be discussed in Remark 13.41 It is not difficult to check that 



[T,S]^ ^{Tuj,Suj) and [T,S]y < \\T\\^(h,e)\\S\\j(h,E')- 

Let us now consider the important special case that H = (M, /i) for some 
CT- finite measure space (M, /i). A strongly measurable function : M™ — > £^ is said 
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to be weakly-L^ if {cj), x*) G L'^{M™-) for all x* G E*. We say that such a function 
represents an operator G 7™(L^(M), i?) if for all /i, . . . , G L^(M) and for 
all X* G E* we have 

(T^/i, . . . ,/™),a^*> = / hih) ■■■■■ . . ■,Un),x*) ■ • ■ 

We will not always notationally distinguish between a function and the operator 
G -f{L'^{AI), E) that it represents. The subspace of operators which can be 
represented by a function is dense in 7™(L^(A/), E). 

3. Wiener-It6 CHAOS IN Banach spaces 

In this section we will prove a Banach space analogue of the classical Wiener-Ito 
isometry. First we fix some notations. 

Let (n, J^, P) be a (sufficiently rich) probability space, let H he a real separable 
Hilbert space and let W : H L^{n) be an isonormal Gaussian process on H, 
i.e. W maps H isometrically onto a closed subspace consisting of Gaussian random 
variables. We assume that is the cr-field generated by {W{h) : h G H}. We fix 
an orthonormal basis {uj)j>i of H, and consider the Gaussian sequence defined by 
7j := W{uj) for j > I. For m > we consider the m-th Wiener-Ito chaos, 

:= Mi?™(VK(/i)) : II /ill = 1}, 

where the closure is taken in i^(il). Furthermore, let H®"^ be the m-fold symmetric 
tensor power which is defined to be the range of the orthogonal projection Pg) G 
£(iji'") given by 

P®{hl «) • • • (g) h,n) ^ ^ K{1) «)•••«) K{m): hi,..., h,n G H, 

where Sm is the group of permutations of {1, ... , m}. 

A classical result of Wiener states that the following orthogonal decomposition 
holds: 

m>0 

Moreover, the mapping defined by 

(3.1) <^m ■■ P®{u^, «)•••«) u,„) (i!/m!)i/2^i, 

extends to an isometry from H®™ onto T-lm- Recall that is the generalised 
Hermite polynomial defined in Section [2.11 to which we refer for notations. 
Let us consider the vector- valued Gaussian chaos 

n,n{E) M/ ®x:fe n,n,x G E}, 

where the closure is taken in L^{fl; E). The following well-known result is a con- 
sequence of the decoupling result in Theorem I2.1f 1) and the Kahane-Khintchine 
inequalities. Extensive information on this topic can be found in the monographs 

Proposition 3.1. Let E be a Banach space, let m > 1, and let 1 < p, q < oo. For 

all F G HmiE) we have 

II -^11 LP(r!:£;) ~m,p,q 1 1 ^| I L9(n;£;) • 

Our next goal is the construction of the spaces ^®™{H,E), which will be the 
Banach space substitutes for the symmetric Hilbert space tensor powers. We refer 
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to Section[23]for the definition of the space 7'"(-ff, E). For T e -/""{H, E) we define 
its symmctrisation P@T e 7''"(iJ, E) by 

{P@T){hi, . . . ,h,n) := : T(/l^(i), . . . , ft,7r(m))' hi, . . . , h,n ^ Et, 

and we will say that T E 7™(i/, E) is symmetric if P®T — T. The mapping P@ is 
easily seen to be a projection in £{'y"^{H, E)) and we define 7®'"(iJ, £') to be its 
range. 

We remark that if if is a Hilbert space, then j®™{H, K) is isometrically iso- 
morphic to the space H®"^®K, where ® denotes the Hilbert space tensor product. 

Now we are ready to state the main result of this section, which is a Banach 
space valued extension of the canonical isometry (|3.ip . 

Theorem 3.2. Let E be a Banach space, let 1 < p < oo, and let m > 1. The 

mapping 

($„ (g) I) : P®(/iji (E) ■ ■ ■ (E) hi^) (g) X 1-^ (i!/m!)^/^^'i (g) x, 

extends to a bounded operator ($„ (E) I) : 'y®™{H,E) — > L'p{^;E), which maps 
7®™ [H, E) onto Tim (E) . Moreover, we have equivalence of norms 

||(<i>™®/)r||LP(0;B) ^rn,p \\T\\^..^h.E), T € 7®'» i?) . 

Proof. Let T be a symmetric operator of the form p.ip and observe that 



T= ^ P®iui^ ■ ■ ■ Ui^) Xi. 

Using (|2.2p . the decoupling result from Theorem l2.ir i) and the Kahane-Khintchine 
inequalities we obtain 



P 

|i| — m, |i| oc ^i^^ 



In view of Proposition [211] it is clear that ® I maps 7®™ (if, i?) into Hrn{E). To 
show that its range is Hm{E), we observe that ® I{h®"^ ® x) = Hm{W{h)) ■ x 
for &\\ h E H with = 1 and all x E E. Now the result follows from the norm 
estimate above and the identity 

HrniE) = ]hi{H„,{Wih)) ■x:\\h\\=l,xe E}, 

where the closure is taken in L'^{il; E). □ 

Remark 3.3. In the special case that E — M. and p = 2 we recover the classical 
Wiener-Ito isometry. 

Remark 3.4. Let m > 1 and let Jm be the orthogonal projection onto Tim- It is well 
known that for all 1 < p < 00 the restriction of Jm to LP{il) n L^(il) extends to a 
bounded projection on LP{fl). A Banach space E is said to be if -convex if Ji (g) / 
extends to a bounded operator on E). Actually, this notion is usually defined 

using Rademacher instead of Gaussian random variables, but this does not affect 
the class of Banach spaces under consideration [7] . It has been shown by Pisier [26] 
that in this case the operators J„i lE" / (which will be denoted by Jm below) are 
bounded for all m > 1 and all 1 < p < 00. Every UMD space is if -convex. These 
facts will be used in Sections [5| and [Sj 
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4. Multiple Wiener-Ito integrals in Banach spaces 

As in the previous section we consider a real separable Hilbert space H and an 
isometry W : H ^ L'^{il) onto a closed linear subspace consisting of Gaussian 
random variables. 

In addition we assume in this section that H = L^{M,B,ii) for some cr- finite 
non-atomic measure space M. We let Bq ■— {B £ B : n{B) < oo}. For A ^ Bq 
we write with some abuse of notation :— W^(l^). In this way W defines an 

L^(ri)-valued measure on Bo which is called the white noise based on /i. 

Our next goal is to construct multiple stochastic integrals for Banach space- 
valued functions. Our construction generalises the well known multiple stochastic 
integral for Hilbert space valued functions, and in another direction, the (single) 
stochastic integral for Banach space valued functions which has been constructed 
in [23]. 

For fixed m > 1 we define to be the linear space of tetrahedral simple 

functions F : M" ^ K of the form 

(4-1) F =^ 1a,^x-xA,^ ■ Xi, 

where the Aj^s are pairwise disjoint sets in Bq, n > 1, and the coefficients Xi € E 
vanish whenever > 1 for some j > 1. It is easy to see that such a function F 
represents an operator Tp G 7™(i^(Af), i?) in the sense described in Section [^721 
and by taking an orthonormal basis (wj)j>i of L^{M) with uj = for 
j = 1, . . . , n, one can check that 
(4.2) 

y: 7i'^-...-7i:^-MAi)i/^-...-/i(A„)^/^-. 

We recall that (7^^) j>i are independent Gaussian sequences for fc > 1. 

Lemma 4.1. The collection of operators represented by functions in£m{E) is dense 
in 7'"(i2(M), E) for allm>l. 

Proof. This follows by reasoning as in the proof of the corresponding scalar- valued 
result [211 P-10], taking into account that the measure space M is non-atomic. □ 

Suppose that Tp E j"'- {L'^ (M) , E) is represented by a strongly measurable 
weakly-L^ function F. Then Tp belongs to 7®'"(L^(M), E) if and only if F agrees 
almost everywhere with its symmetrisation F defined by 



I^-F|I7'"(L2(m),_E) 



1 



F(ii, . . . , i„j) :— — - ^ F(t^(i), . . . , i^(„j)). 

For F e £rn{E) of the form (|4.ip we define the multiple Wiener-Ito integral Im{F) g 
L^n-E) by 

(4.3) Irn{F)^ Yl W{A,J- ...-WiAJ-Xi. 

i|=m,|i|oo<" 

One easily checks that this definition does not depend on the representation of F 
as an element of £m{E). Moreover, /,„ is linear and Im{F) = Im{F). The next 
theorem may be considered as a generalisation of the classical Wiener-Ito-isometry 
for multiple stochastic integrals to the Banach space setting. 

Theorem 4.2. Let m > 1 and 1 < p < 00. The operator Im ■ £m{E) — > LP{Q; E) 
extends uniquely to a hounded operator 

ha:T{L\M),E)^LP{n-E), 
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which maps j"" {L'^ (M) , E) onto Hm{E). Moreover, for all F G -/"'{L^{M), E) we 
have: 

(a) ||/mF||ip(j2.B) ^m,p \\F\\r''{L2{M),E) < II -F^ll 7" (L^ (M) • 

Proof. First we show that for all F £ £m{E) the following equivalence of norms 
holds: 

\\ImF\\LP(^n.E) ^m.p \\F\\'y^{L^{M),E)- 

For that purpose we take F e £m{E) of the form (14. ip . Since Im{F) = Im{F) 



we may assume that F is symmetric, hence x 



for all per- 



mutations TT g Sm- Let {uj)j>i be an orthonormal basis of L [M) with Wj = 
pL[Aj)~^/'^\Aj for J = and let (7j)j>i be the Gaussian sequence 7^ = 

W{uj) for j > 1. Using the decoupling inequalities from Theorem l2.ir 2). ()4.2p . and 
the Kahane-Khintchinc inequalities we obtain 



\i\=m,\i\a 



<n 



rn , I i I 3o < n 



E 

m,|i|oo<' 



'41 



•...•M^n)^/^- 



Now the first claim follows from Lemma [4.11 To prove that ImT E Tim{E) for all 
T e 7™(L^(M), E) we first let T = Tf for some tetrahedral function F of the form 
It follows from (031) and the fact that 

whenever all j'^'s are different, that ImT G Ti.m{E). Since /,„ is continuous the same 
holds for general T e -/"'{L'^{M), E) by Lemma O To show that the mapping 
Im ■■ 7'"(L^(M),£;) Hm{E) is surjective we proceed as in Theorem [Q The 
other statements are clear in view of Lemma 14.11 □ 



5. The Malliavin derivative 

In this section we consider a complete probability space (fi, JF, P), a real separable 
Hilbert space H, and an isonormal Gaussian process W : H L'^{il). As before 
we assume that is the cr-algebra generated by W. 



Let us introduce some notation. For n > 1 we denote by C^i\ 



the vector 



space of all C°°-functions / : K" M such that / and its partial derivatives of 
all orders have polynomial growth, i.e. for every multi-index a there exist positive 
constants Ca,Pa such that 

<C„(l+|a;|f°. 

Let S be the collection of all random variables / : ^ K of the form 
(5.1) f^^iW{hi),...,W{h^)) 



for some ip e Cf^,(M"), hi, 



,hn € H and n > 1. 



For a real Banach space E we consider the dense subspace S{E) of LP{fl;E), 
1 < p < 00, consisting of all functions F : H. E the form 
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where fi £ S and Xi G E, i = 1, . . .n. Occasionally it will be convenient to work 
with the space V{E), which is defined similarly, except that the functions ip are 
required to be polynomials. 

For a function F — f ■ x E S{E) with / of the form ()5.ip we define its Malliavin 
derivative DF by 

n 

(5.2) DF ^^djip{W{hi), W{hn))hj x. 

i=i 

This definition extends to S{E) by linearity. For F e S{E) the Malliavin derivative 
DF is a random variable which takes values in the algebraic tensor product H ^E, 
which we endow with the norm || • ||^(_f/,£;) (cf. Section [2.2p . 

The following result is the simplest case of the integration by parts formula. We 
omit the proof, which is the same as in the scalar-valued case [24, Lemma 1.2.1]. 

Lemma 5.1. If F e S{E), then E{DF{h)) = E{W{h)F) for all heH. 

A straightforward computation shows that the following product rule holds: 

D{F,G) ^ {DF,G) + {F,DG), F e S{E),G e S{E*). 

Here (•, •) denotes the duality between E and E* . Combining this with Lemma l5.ll 
we obtain the following integration by parts formula: 

(5.3) E{DF{h),G) ^E{W{h){F,G))-E{F,DG{h)), F e S{E),G e S{E*). 

This identity is the main ingredient in the proof of the following result which 
can be found in [T4l Proposition 2.3]. 

Proposition 5.2. The Malliavin derivative D is closable as an operator from 
LP{n- E) into LP{n- -f{H, E)) for alll<p<oo. 

With a slight abuse of notation we will denote the closure of D again by D. 
Its domain in L'p(JI\E) will be denoted by D^'''(il; i?), which is a Banach space 
endowed with the norm 

||-F||di>p(0;_e) {\\FVLv(n;E) + \\F'F\\\p(n-^(H,E))f'^- 

Furthermore we wiU write pi'P(f^) := Bi'P(f7; K). 

Derivatives of higher order are defined inductively. For n > 1 we define 

D"+i'f (f7; E) :={F e P"^p(17; E) : D'' F e 7"(iJ, E))}, 

D-n+lp .-Di^Dnp^^ p ^ E). 

It follows from Proposition 15.21 that is a closed and densely defined operator 
from E) into LP(n; 7"(i?, E)). Its domain is denoted by P"^P(r2; E) which 

is a Banach space endowed with the norm 

\\F\\n,p ■■= ||-F||D".P(n;E) i^WW^Pin.E) + X! \\^'^^\\^LP(n:'yHH,E))) ■ 

k=l 

The main result in this section describes the behaviour of the Malliavin derivative 
on the £^-valued Wiener-Ito chaoses. It extends [531 Proposition 1.2.2] to Banach 
spaces (and to 1 < p < oo, but this is well-known in the scalar case). 

Theorem 5.3. Let E be a Banach space, let 1 < p < oo and let m > 1. Then 
we have H,n{E) C D'^'P{n;E) and D{n^{E)) C Hm-ihiH,E)). Moreover, the 
following equivalence of norms holds: 

\\DF\\LPi^fi.^(^H E)) ^p.m \\F\\LP{n-E), F e Hm{E). 
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Proof. Let {uj)j>i be an orthonormal basis of H and put := W{uj). Let (7j'^^)j>i 
and {jj)j>i be independent copies of (7j)j>i- For i = (ii, . . . and k > 1 we 
will write {i, k) ~ (ii, . . . , i,„, /c). 

First we take F £ HmiE) of the form 

n 

^= 7;^\{Hj{i:){lj)xi. 

Clearly we may assume without loss of generality that the coefficients Xi are sym- 
metric, whenever i' is a permutation of i. 
It follows from Theorem 12.1( 1) that 

n p 

E||F|||=E ^ _^Y{H,ii){l,)xi 

\i\=m,\i\^<n j=l 

E(l) (m) ^ 

On the other hand, by a change of variables to modify the range of summation from 
{|i| = to} to{|i| = TO — 1}, and rearranging terms, we obtain with the convention 
that = 0, 

71 

= H -;;^Y'WHj(i){-ij)Hk(i)-i{ik)-Uk®Xi, 

\i\—rn.\i\rx. k—ljy^k 



(5.4) 



E 



I TO 

fc=i 



1/2 



fc=l 



V — 

i|^m — 1, |i| ^^T' 



E 



J=l 



(m-l)!i/2 /l^ (,„_i)!l/2^i2;(i,fc) 

|i| — m— 1, |i I 3o <n 



Using the Kahane-Khintchine inequalities and Theorem 12.1( 1) once more, we find 



-^-^ \\j{H,E) P 



m\\J2%DFiuk)\ 



(5.5) 



= EE 



= EE 



fc=i 

(m-l)!i/2 Z^7fc / ^ 

fc— 1 |i I — m — 1, |i I oc f;'^ 



(m-l)!i/2 ^i^iiM) 



,1/2 



(m-l)!i/2 



E 



(m- 



i-l,|i|oo<''^ 



iiw2*i(E 



fe=i 



^m,p EE 



E E7i:^ 

i|— 'm— l,|2|oo<n fc— 1 

Comparing (|5.4p and (|5.5p yields the norm estimate. The theorem follows by the 
closedness of D and the fact that functions F of the form considered above are 
dense in Hm.{E). □ 

Remark 5.4. In the special case that iJ is a UMD Banach space the result above is 
known. Indeed, it follows from Meyer's inequalities f Theorem 16.31) that 

\\DF\\i^p^^Q.^(^H,Ey) ~p,E ™^^^||^||lp(0;£;)7 F G 'HmiE). 

This formula gives an explicit dependence on to, but in contrast with Theorem 5.3 
the constants depend on (the Hilbert transform constants of) E. We return to this 
observation in Section [H 



(m-l)~ 
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6. Meyer's inequalities and its consequences 
Let {P{t))t>Q C be the Ornstein-Uhlenbeck semigroup defined by 

(6.1) P{t) J2 ^'""'Jm- 

m>0 

As is well known, this semigroup extends to a Co-semigroup of positive contractions 
on LP{^1) for aU 1 < p < oo. We refer the reader to [25 for proofs of these and 
other elementary properties. 

Let E be an arbitrary Banach space. By positivity of P, (P(t)(g)/)t>o extends to a 
Co-semigroup of contractions on the Lebesgue-Bochner spaces LP{il; E) ior 1 < p < 
oo which will be denoted by {PE{t))t>a- The domain in LP{n; E) of its infinitesimal 
generator Le is denoted Dp(Le)- The subordinated semigroup iQEit))t>o is defined 

by 

poo 

(6.2) QE{t)f / PE{s)fdMs), 

Jo 

where the probability measure vt is given by 

(6.3) diyt{s) = ^ e~*'/^" ds, t > 0. 

The generator of {QE{t))t>o will be denoted by Ce- As is well known we have 

Ce = -{-LeY". 

Often, when there is no danger of confusion, we will omit the subscripts E. 

The next lemma is a vector-valued analogue of the representation of L as a 
generator associated with a Dirichlet form. We omit the proof which follows from 
the scalar- valued analogue in a straightforward way. 

Lemma 6.1. Let E he a UMD space. For all F e V{E) and G S ©^^^(f); £■*) we 
have 

E{LeF,G) ^E[DF,DG]-,. 

In the following Lemma we collect some useful commutation relations, which 
follow easily from the corresponding scalar-valued results. 

Lemma 6.2. Let E be a Banach space and let I < p < oo. 

(i) For F e D^-'P{n; E) we have PE{t)F e D^-P{fl; E) and 

DPE{t)f = e-'P^^H,E)DF. 
(it) For F e Di'P(f7; E) we have QE{t)F e B^'P{n; E) and 

DQE{t)f = Q%^E)DF. 

where Q^^^f^ is the semigroup generated by — (/ — L.y(^[j.E)Y^'^ ■ 
(ill) For F e r{E) we have LeF e B^-P{n; E) and DLeF = -{I - L^(^h,e))DF. 
(iv) ForF e V{E) we have CeF e B^'P{n;E) andDCEF = -{I-L.^(h,e)Y'^DF. 

Pisier proved in [57] that Meyer's inequalities extend to UMD spaces. Formulated 
in the language of 7-norms his result reads as follows. 

Theorem 6.3 (Meyer's inequalities). Let E he a UMD space and let 1 < p < 00. 

Then D.p{Ce) = B^'P{n;E) and for all f S ]D)^'P{n;E) the following two-sided 
estimate holds: 

(6.4) \\CEf\\LP(n:E) ^p,E ||-D/|lLP(n;7(//,_B))- 
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In Theorem 16.81 we shall state an extension of this result. 

The following lemma is the crucial ingredient in the proof of Meyer's multiplier 
Theorem. The proof in the scalar case in [24, Lemma 1.4.1] does not extend to 
the vector-valued setting, since it depends heavily on the Hilbert space structure of 
L^(ri). We give a simple proof in the case that E is a. UMD space, which is based 
on Meyer's inequalities. Recall that J,„ denotes the chaos projection considered in 
Remark [ 



Lemma 6.4. Let 1 < p < oo and let E be a UMD space. For each N > 1 and 
t > we have 

\\P{t){I - Jq ~ Ji - . . . - Jn-i)\\c{lp(q.-e)) ^e,p,n e~^*. 
Proof. For F eV^E) we set 

OO CXD OO 

RF = dJ2 m-^'^JraF, s{d JmP) := ^^'^JmF. 

m—1 m—0 ni—1 

Note that the sums consists of finitely many terms since F G V{E). Both operators 
are well-defined and bounded by Theorem 16. 31 Using the fact that 



m=N 

we obtain by Lemma 16.21 and Theorem 16.31 

\\P{t)iI - Jo - Jl - ... - JN-l)F\\LPin-E) 



m=N 



= \\S''R''Pit)F\\L.^n:E) 



= \\S''e-^'Pm''FU.^n;E) < e-^'WSrWRrWFU.^n^E). 

□ 

Using this lemma, the remainder of the proof of Meyer's multiplier Theorem 
[50] in the scalar case as given in [2U Theorem 1.4.2] extends verbatim to the 
vector-valued setting. It is even possible to allow operator-valued multipliers. 

Theorem 6.5 (Meyer's Multiplier Theorem). Let 1 < p < oo, let E be a UMD 
space, and let (ofe)^g C C{LP{fl; E)) be a sequence of bounded linear operators such 
that J2Zo \\ak\\c{Lp{n-E))N-'' < oo for some N > 1. If (0(n))„>o C CiLP{n;E)) 
is a sequence of operators satisfying 4>{n) := X^feLo '^^n^^ for n > N, then the 
operator defined by 

oo 

T^F:=^0(n)J„F, FeV{E) 

extends to a bounded operator on LP(fl;E). 

As a first application of the multiplier theorem we determine the spectrum of L. 
We start with a simple but useful lemma. 

Lemma 6.6. Let E be a K-convex Banach space, let \ < p < oo, and let F G 
LP{n; E) such that J,nF = for all to > 0. Then F ^ in LP{n; E). 

Proof. For G e'P{E*)we have 

E{F, G) = E{F, Y J^nG) = J,„F, G) = 0. 

ni>0 m>0 

This implies the result, since V{E*) is dense in L''{Q.;E*), hence weak*-dense in 
LP[n;E)*. 
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□ 

Proposition 6.7. Let 1 < p < oo and let E be a UMD space. Then 

a(-L) = {0,1,2,...}. 

Moreover, every integer m>0 is an eigenvalue of —L and ker(m + L) = Ti.„i{E). 

Proof. To prove that {0, 1, 2, . . .} C a{~L) we take an integer to > and a non-zero 
F € HmiE). Since P{t)F = e-"*F it follows that F e Dp(L) and (m + L)F = 0, 
hence m G a-{—L) and ker(m + L) D HmiE). 

To show the converse inclusion for the spectrum, take A G C \ {0, 1,2,.. .}. To 
prove that A + L is injective, take F G ker(A + L). Since Jm is bounded for to > 
by Remark 13.41 (UMD spaces are if-convex) , it follows that J,nLF — LJ^F = 
—mJmF. This implies that (A — m)JmF — Jm{\ + L)F = 0, hence JmF = for all 
TO > 0, so that F = by Lemma 

To prove surjectivity, we conclude from the Multiplier Theorem 16.51 that 



oo ^ 



m=0 ^ 

extends to a bounded operator on LP{VI]E). Using the fact that L is closed, we 
infer that (A -I- L)Rx — /, hence A + i is surjective. 

It remains to show that ker(TO+i) C Ti.m{E) for all m > 0. Take F G kcr(m + L). 
Since 

(to - fc) JfeF = (m + L)JkF = Jk{m + L)F = 

for all integers fc > 0, we have JkF = for all k ^ m. This implies that Jk{F — 
J,nF) = 0, hence F = J,„F G HmiE) by Lemma Ull 

□ 

Next we give the general form of Meyer's inequalities in the language of 7- 
radonifying norms. This result is stated in a slightly different setting in |16[ The- 
orem 1.17], but the proof given there contains a gap. More precisely, the last 
formula for the function tp defined in [TBI P-300] should be replaced by 'ilj{t) = 
ie~*/^(/o(|) -l-/i(|)). This function however is not contained in L^(0, 00); but this 
is needed to conclude the proof. 

The proof given below uses Lemma |6.4[ which is based on the first order Meyer 
inequalities from Theorem 16.31 This allows us to adapt the argument in the scalar 
case from [24l Theorem 1.5.1]. 

Theorem 6.8 (Meyer's inequalities, general case). Let E be a UMD space, let 
1 < p < 00 and let n > 1. Then Dp(C") = W'P{n; E), and for all F G D"'?'(f7; E) 
we have 

l|-C"f'||LP(0;7"(ff,£;)) ^jy,E,n || C""-?"!! Lp(0;_B) 

^p.E.n ||-F'||l!'(0;£;) + \\D"'F\\i^p(^Q.^^i^H.E))- 

Proof. The proof proceeds by induction. The case n = 1 has been treated in 
Theorem 16.31 Suppose that (|6.5p holds for some n > 1. Using Lemma 16.21 and the 
fact that the operator C"(/-L)-"/2 = (-i)"/2(/-L)-"/2 is bounded on LP(f7; E) 
we obtain by the induction hypothesis 

E||Z?"+iF||5;„,,(^_^) <,,E,n E||C"Z?F||^(^ <,,E.,n IE||(/ - Lr/'DEf^^^^^^ 

To prove the second inequality, we note that according to Remark 13.41 
\\C''{Jo + --- + Jn-i)F\\.p<p,E,n \\F\\p, FeLP{n;E). 
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Therefore it suffices to show by induction that 

\\C^F\\Lp{n;E) ^p,E,n ||-D"-F||LP(n;^n(jy^^)) 

for aU F e r{E) with JqF = ... = Jn~iF = 0. 

Let us assume that this statement holds for some n > 1 and take F E 'P{E) 
satisfying JqF = . . . = JnF = 0. It follows from Lemma that {P{t))t>a restricts 
to a Co-semigroup {Pn{t))t>o on 

-LPin-E) 



satisfying the growth bound \\Pn{t)\\c{x„,piE)) ^e,pm 
depending on n. Consequently (see e.g. [H Proposition 3.8.2]), we have 

II (a - Ly/^F\\p ^p^E II (/9 - Ly^^FWp, F e X„,p{E), 

for all a,f3> — n, and in particular is (/ — LY^^C^^ bounded on Xn,p{E). Using 
Lemma lO and the fact that CDF g X„^p{-f{H, E)), it follows that ' 

E||C"+ii^||| ^p^E E||I?C"i^||^(^,^) = E|| (/ - L)"/2DF||^(^ 

<r>,E.n L)"/^C-"r^(^^^^(^(^,^„)E||C"7^^^||!;(^ 



^p,E,n E||Z?«+lF||!;„^,(^ ,,). 



□ 



As an application of Meyer's inequalities we will show that 7(i?, i?)-valued Malli- 
avin differentiable random variables are contained in the domain of the divergence 
operator 6. First we give the precise definition of S. 

Fix an exponent 1 < p < oo and let ^ + ^ = 1. For the moment let D denote 
the Malliavin derivative on L^(il;i?*), which is a densely defined closed operator 
with domain ]D)^'5(f7; E*) and taking values in j{H, E*)). We let the domain 

Dp{S) consist of all u e LP{Q;^{H,E)) for which there exists an Fu € LP{Q;E) 
such that 

E[u, DG]^ = E{Fu, G) for aU G e O^^^in; E*). 

The function Fu, if it exists, is uniquely determined. We set 

5{u):^Fu, X£Dp{6). 

In other words, 5 is the part of the adjoint operator D* in LP{n;j{H, E)) which 
maps into E). Here we identify LP{n; j{H, E)) and L^{Vl\ E) in a natural way 

with subspaces of {L''{n;-i{H,E*)))* and £;*))* respectively. 

The divergence operator 5 is easily seen to be closed and densely defined. For 
more information we refer to 14]. The proof of the following result is a variation 
of the proof of the scalar-valued result in [211 Proposition 1.5.4]. 

Proposition 6.9. Let \ < p < oo and let E be a UMD space. The operator S is 
bounded from ©^'^(f^; -f{H, E)) into LP{n; E). 

Proof. Let u G ^^^^(f]; 7(i7, £')) and G e V{E*). Using Theorem [53] we find that 
||DJiG||p ~p II JiG||p, and therefore 

E[u,D{Jo^ Jl)G]~f <\\u\\Lv(^n..^(H,E))\\P>{Jo + Jl)G\\L<i{n--i(H,E')) 

'^^■^> < II II llr^ll 

l^V.E ll"llLP(f2;7(_f/,£;)) II <J"II L9(f2;£;* ) ■ 

Now we assume that JqG = JiG = 0. By the Multiplier Theorem 16.51 the operator 



^-^ m — 1 

m=2 
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is bounded on LP{n;'y{H,E)). By Lemma [6.41 the operator is well defined on 
Xi^p{E), where we use the notation from the proof of Theorem 16.81 This justifies 
the use of L^^ in the following computation. Using Lemma [6.11 and Theorem 16.81 
we obtain 

< \\Du\\Lp(^n;'y^{H,E))\\DL^^DG\\Li{n-'i2(^H,E'-)) 

= ||£'u||LP(f2;72(_fi-,£;))||-D^-^""^rG'||i,(0;72(/i-,E')) 

<p^E \\Du\\Lp(a.^2(^H,E))\\G\\Lnn-E')- 

Combining (|6.6p and (|6.7p we conclude that for all G E V{E*) we have 

¥\u,DG]^ <p^E \\u\\TBi.p(n:E)\\G\\Li{n-E-')- 

It follows that there exists an F„ e (L«(f7;S*))* such that E[u,DG]^ = E{Fu,G). 
Since is a UMD space, we conclude that F„ G LP{fl; E) and we obtain the desired 
result. □ 

For 1 < j3 < oo we define the vector space of exact i?- valued processes as 

Ll{^; 7(iJ, E)) = {DF : F e E)}. 

The next result is concerned with the representation of random variables as diver- 
gences of exact processes. 

Proposition 6.10. Let E be a UMD space, let 1 < p < oo and let F G LP{n;E). 
Then U := DL^^[F — E{F)) is the unique element in LP{n; j{H, E)) satisfying 

F ^E{F)+S{U). 

Proof. By an easy computation we see that 

(6.8) F ^E{F) +SD{L-^F -E{F))) 

for all F G 'P{E). It follows from Lemma (or Proposition 16. 7p that is well- 
defined and bounded on {G G U'{Q.]E) : E{G) ~ 0}. Meyer's inequalities imply 
that D is bounded from Dp(L) into ©^'^(^1; 7(i?, and by Proposition 16.91 we 
have that 5 is bounded from j{H, E)) into £^(51; E). Using these facts and 

an approximation argument with elements from V{E) we conclude that the right 
hand side of (j6.8|) is well-defined for all F G LP{fl;E), and the identity remains 
valid. 

To prove uniqueness, suppose that F E{F) + 6{DF') for some F' G D^'''(f2; E) 
with DF' G Dp{S), and put G := F' - L-^{F - E{F)). Then 5DG = 0, hence 
{G,LP) = for all polynomials P G V{E*). In particular, for all m > 1 and all 
P G V{E*)nnUE*) onejias (G,mP)^= 0, and since ViE*) nHmiE*) is dense in 
HmiE*), we have {JmG,F) = {G,J„,F) = for aU F G Li{n;E*). It follows that 
JmG = for all m > 1, which implies Jm{G — JqG) — for all m > 0. We conclude 
that G = JqG by Lemma iH hence F' = L-^{F - EE) + x for some a; G -B. We 
conclude that DF' = DL^^{F — EF)^ which is the desired identity. □ 

We conclude the paper with an application of the vector-valued Malliavin cal- 
culus developed in this work. We give a new proof of Theorem I2.1f 1) under the 
additional assumption that i? is a UMD space, which is based on Meyer's inequal- 
ities. This approach seems to be new even in the scalar- valued case. 

Theorem 6.11. Let E he a UMD space, let 1 < p < oo, and define F and F as in 
Theorem \2.lV l). Then we have 

\\F\\p ^p,m,E \\F\\p. 
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Proof. We argue as in the proof of Theorem 15.31 By (|5.4p we have 

|i| ^m, |z| oo 



E\\F\\P, ^ E 



.|l/2 

-v,|l/2 ^ l*^? 



and according to (15.5p . 



(m-l)!i/2 („i 
|i I — m — 1, |i| oc ^ 



n 

E (m-l)!i/2*i(E 



k=l 



Noting that CF = m^^^F, Meyer's inequahties imply that 



E 



ill/2 



E m!i/2*i^i 



EE 



E 



(J-:'/)!i/2 ^i(E^fe^(^-fc) 



2|— m— l.|i|oo^?^ 

The desired resuh is obtained by repeating this procedure m — 1 times. 



□ 



References 

[1] M. A. Arcones and E. Gine, On decoupling, series expansions, and tail behavior of chaos 
processes, J. Theoret. Probab. 6 (1993), no. 1, 101-122. 

[2] W. Arendt, C.J.K. Batty, M. Hieber, and F. Neubrander, Vector-valued Laplace transforms 
and Cauchy problems, Monographs in Mathematics, voh 96, Birkhauser Verlag, Basel, 2001. 

[3] V.I. Bogachev, Gaussian measures. Mathematical Surveys and Monographs, vol. 62, Ameri- 
can Mathematical Society, Providence, RI, 1998. 

[4] R. A. Carmona and M. R. Tehranchi, Interest rate models: an infinite dimensional stochastic 
analysis perspective, Springer Finance, Springer- Verlag, Berlin, 2006. 

[5] V. H. de la Pefia and E. Gine, Decoupling, Probability and its Applications (New York), 
Springer- Verlag, New York, 1999, From dependence to independence. Randomly stopped 
processes, {/-statistics and processes. Martingales and beyond. 

[6] V. H. de la Pena and S. J. Montgomery-Smith, Decoupling inequalities for the tail probabilities 
of multivariate U -statistics, Ann. Probab. 23 (1995), no. 2, 806—816. 

[7] T. Figiel and N. Tomczak-Jaegermann, Projections onto Hilbertian subspaces of Banach 
spaces, Israel J. Math. 33 (1979), no. 2, 155-171. 

[8] T. Hytonen, Littlewood-Paley Stein theory for semigroups in UMD spaces. Rev. Mat. 
Iberoamericana, to appear. 

[9] N. Ikeda and S. Watanabe, Stochastic differential equations and diffusion processes, second 
ed., North-Holland Mathematical Library, vol. 24, North-Holland Publishing Co., Amster- 
dam, 1989. 

[10] N.J. Kalton and L. Weis, The -functional calculus and square function estimates, in 
preparation. 

[11] P.C. Kunstmann and L. Weis, Maximal Lp-regularity for parabolic equations, Fourier multi- 
plier theorems and H°° -functional calculus. Functional analytic methods for evolution equa- 
tions. Lecture Notes in Math., vol. 1855, Springer, Berlin, 2004, pp. 65—311. 

[12] S. Kwapicn, Decoupling inequalities for polynomial chaos, Ann. Probab. 15 (1987), no. 3, 
1062-1071. 

[13] S. Kwapien and W. A. Woyczynski, Random series and stochastic integrals: single and 
multiple. Probability and its Applications, Birkhauser Boston Inc., Boston, MA, 1992. 

[14] J. Maas and J.M.A.M. van Neerven, A Clark-Ocone formula in UMD Banach spaces, arXiv: 
0709.2021. 

[15] P. Malliavin, Stochastic calculus of variation and hypoelliptic operators. Proceedings of the 

International Symposium on Stochastic Differential Equations (Res. Inst. Math. Sci., Kyoto 

Univ., Kyoto, 1976) (New York), Wiley, 1978, pp. 195-263. 
[16] P. Malliavin and D. Nualart, Quasi-sure analysis and Stratonovich anticipative stochastic 

differential equations, Probab. Theory Related Fields 96 (1993), no. 1, 45—55. 
[17] E. Mayer- Wolf and M. Zakai, The divergence of Banach space valued random variables on 

Wiener space, Probab. Theory Related Fields 132 (2005), no. 2, 291-320, Correction available 

at arXiv:0710.4483. 

[18] T. R. McConnell and M. S. Taqqu, Decoupling inequalities for multilinear forms in indepen- 
dent symmetric random variables, Ann. Probab. 14 (1986), no. 3, 943—954. 



MALLIAVIN CALCULUS AND DECOUPLING INEQUALITIES 



17 



[19] , Decoupling of Banach-valued multilinear forms in independent symmetric Banach- 

valued random variables, Probab. Theory Related Fields 75 (1987), no. 4, 499-507. 
[20] P.-A. Meyer, Transformations de Riesz pour les lois gaussiennes, Seminar on probability, 

XVIII, Lecture Notes in Math., vol. 1059, Springer, Berlin, 1984, pp. 179-193. 
[21] J.M.A.M. van Nccrvcn, M.C. Vcraar, and L. Weis, Stochastic integration of processes with 

values in a UMD Banach space. 
[22] J.M.A.M. van Nccrvcn and L. Wcis, Stochastic integration of operator-valued functions with 

respect to Banach space-valued Brownian motion, preprint. 
[23] , Stochastic integration of functions with values in a Banach space, Studia Math. 166 

(2005), no. 2, 131-170. 

[24] D. Nualart, The Malliavin calculus and related topics, second ed.. Probability and its Appli- 
cations (New York), Springer- Ver lag, Berlin, 2006. 

[25] G. Pisier, Some results on Banach spaces without local unconditional structure, Compositio 
Math. 37 (1978), no. 1, 3-19. 

[26] , Holomorphic semigroups and the geometry of Banach spaces, Ann. of Math. (2) 115 

(1982), no. 2, 375-392. 

[27] , Riesz transforms: a simpler analytic proof of P.-A. Meyer's inequality, Scminaire de 

Probabilitcs, XXII, Lecture Notes in Math., vol. 1321, Springer, Berlin, 1988, pp. 485-501. 

[28] , The volume of convex bodies and Banach space geometry, Cambridge Tracts in 

Mathematics, vol. 94, Cambridge University Press, Cambridge, 1989. 

[29] I. Shigekawa, Sobolev spaces of Banach-valued functions associated with a Markov process, 
Probab. Theory Related Fields 99 (1994), no. 3, 425-441. 

Delft Institute of Applied Mathematics, Delft University of Technology, P.O. Box 
5031, 2600 GA Delft, The Netherlands 
E-mail address: J.Maas@tudelft.nl 



